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A Theoretical Analysis of Multicomponent Gas Separation 
by Means of a Membrane with Perfect Mixing 

Y. SHINDO, N. ITOH, and K. HARAYA 
NATIONAL CHEMICAL LABORATORY FOR INDUSTRY 
TSUKUBA, IBARAW 305, JAPAN 

A M -  

Numerical simulation of the separation of gas mixtures of H2, CH+ CO, and 
C02 through a porous glass membrane was carried out. It was found that the 
mole fractions of the components on the permeate side varied irregularly 
depending on the operating conditions., feed mole fractions, relative perme- 
abilities, and operation factor. Theoretical analysis of membrane separation in 
multicomponent system was made. Some basic information were derived with 
respect to gas separation with a membrane for a multicomponent system. 

INTRODUCTION 

With the recent development of improved membranes and advances in 
hollow fiber technology and fabrication techniques of gas permeators, 
membrane separation is becoming economically competitive with other 
separation methods, such as distillation and adsorption. Separation of 
gas mixtures by permeation has been considered a standard chemical 
engineering unit operation. 

Applications of membrane separation which have received attention 
include recovery of hydrogen from refinery streams and ammonia plants, 
sulfer dioxide removal from flue gases, hydrogen and carbon monoxide 
separation from synthesis gases, separation of product from reaction 
gases, and so on. When membrane separation is applied in such an 
industrial process, it is assumed to involve a multicomponent system. 
Most previous papers on gas separation studied binary gas mixtures. 
There are a few reports (I-6) about multicomponent gas separation 
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600 SHINDO, ITOH, AND HARAYA 

through a membrane. However, the relationships between degree of 
separation and operating conditions have not been investigated. 

In this paper the separation of gas mixtures of H2, CH4, CO, and C02 
through a porous glass membrane is numerically simulated. It is found 
that the mole fraction of each component on the permeate side varies 
depending on operating conditions, feed mole fractions, and relative 
permeabilities. It is desirable that the degree of separation can be 
predicted theoretically from operating conditions. This paper presents a 
theoretical analysis of multicomponent gas separation in a single stage. 

BASIC EQUATIONS 

Equations for Steady-State 

Figure 1 illustrates a single permeation stage of multicomponent gas 
separation by permeation with perfect mixing. The stage is separated into 
two sections by a membrane of area A and thickness 6. Ph and P, are the 
pressures of the feed (high pressure) side and the permeate (low pressure) 
side, respectively. F/ and F,, are the inlet and outlet flow rates on the feed 
side, respectively, and F,, is the outlet flow rate on the permeate side. n is 
the number of components and Q. is the permeability of the ith 
component. It is presumed that the permeabilities QI, Q2, Q3, .  . . , Q,, are 

xri is the mole fraction of the gas component in the feed stream at the 

\ 

FIG. 1. Schematic diagram of single permeation stage with perfect mixing. 
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MULTICOMPONENT GAS SEPARATION 601 

inlet. xoi and ypi are the mole fractions of the ith component on the high 
pressure side and the permeate side, respectively, which have the 
following properties: 

2 x n = l  
k = I  

n 

k = I  
c xok = 

2 Y p k  = 
k = I  

(3) 

(4) 

The assumptions utilized in this study are as follows. 

( 1 )  Permeation obeys Fick's law. 
(2) Permeability of each component is the same as that of the pure 

gas, and is independent of pressure. 
(3) Effective membrane thickness is constant along the length of the 

permeator. 
(4) Pressure drops of the feed and permeate gas streams are negligibly 

small. 
(5 )  A perfect mixing situation exists on both sides on the membrane. 

By taking total and component balances over the membrane 
area A ,  the following equations can be obtained on the basis of the above 
assumptions: 

Substituting Eq. (5 )  into Eq. (6) and solving fory* gives 
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002 SHINDO, ITOH, AND HARAYA 

8duHon of SfmultMewr Equations 

The problem is, briefly, to determine x, and ypi (i = 1,. . . , n), when a, 
(i = 1,. . . , n), Ph, Pr, and A/& are known. On dividing Eq. (7) by the 

member of Eq. (7) with i = j ,  the following relation between components i 
and j is obtained 

The mass conservation yields 

The stage cut 8 is defined as 

From Eqs. (9) and (lo), 

Pressure ratio y and relative permeability qij are defined by 

y = P,/P,  (12) 

qij = Q i I Q j  (13) 

Eliminating x, and xd from Eq. (8) by the aid of Eq. (1 1) and solving for 
ypi yields 

(14) 

Concentration factor pi ,  operation factor w, and the separation factor of 
the ith component to thejth component au are defined as 

X/iqji 
(XJlYpi) + (4ji - ])(Y + - ye)  

Y p j  = 

P i  = Ypi/ . / i  (15) 

= y + e - y e  (16) 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
2
:
5
6
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



MULTICOMPONENT GAS SEPARATION 

= Si/Sj 

By the use of Eqs. (15) and (16), Eq. (14) can be 

Inserting Eq. (19) into Eq. (4) yields 

The value of pi can be obtained by solving Eq. (20). (See Appendix 1.) The 
mole fraction on the permeate side and the separation factor are 
calculated from the value of the concentration factor by use of Eqs. (15) 
and (1 8). 

SIMULATION OF MULTICOMPONENT GAS SEPARATION 

Permeabilities of Gases through a Porous Glass Membrane 

Permeabilities of H2, CH,, CO, and C02 through a porous glass 
membrane at 100°C (373 K) were measured. The physical properties of 
the membrane and the permeability data are summarized in Tables 1 
and 2, respectively. The values of permeability are approximately 
proportional to the reciprocal square roots of the molecular weight, 
obeying Knudsen’s law (7-9). 

TABLE 1 
Physical Properties of Porous Glass 

Membrane 

Pore diameter 4 nm 
Void fraction 0.28 
Shape Disk 
Macroscopic surface area 13.2 cm2 
Thickness 1.12 mm 

MULTICOMPONENT GAS SEPARATION 

= Si/Sj 

By the use of Eqs. (15) and (16), Eq. (14) can be 

Inserting Eq. (19) into Eq. (4) yields 

The value of pi can be obtained by solving Eq. (20). (See Appendix 1.) The 
mole fraction on the permeate side and the separation factor are 
calculated from the value of the concentration factor by use of Eqs. (15) 
and (1 8). 

SIMULATION OF MULTICOMPONENT GAS SEPARATION 

Permeabilities of Gases through a Porous Glass Membrane 

Permeabilities of H2, CH,, CO, and C02 through a porous glass 
membrane at 100°C (373 K) were measured. The physical properties of 
the membrane and the permeability data are summarized in Tables 1 
and 2, respectively. The values of permeability are approximately 
proportional to the reciprocal square roots of the molecular weight, 
obeying Knudsen’s law (7-9). 

TABLE 1 
Physical Properties of Porous Glass 

Membrane 

Pore diameter 4 nm 
Void fraction 0.28 
Shape Disk 
Macroscopic surface area 13.2 cm2 
Thickness 1.12 mm 
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SHINDO, ITOH, AND HARAYA 

TABLE 2 
Permeabilities of Gases 
through Porous Glass 
Membrane at 100°C 

Permeability 
Gas [pmol/(s m . Pa)] 

H2 71.4 
CH4 27.1 
co 20.6 
co2 18.5 

Results of Numerical Simulation 

In a H2-CH4-CO-C02 system, the changes of mole fraction after 
permeation were numerically simulated as a function of 1 - w or w by 
means of Eq. (20). (The physical meaning of 1 - w is discussed in 
Appendix 2.) Figures 2,3, and 4 show the results of the simulation. There 
are three patterns for the change of the mole fraction of CH4 against 1 - 
w; increasing (Fig. 2), decreasing (Fig. 3), and changing with a maximum 
point (Fig. 4). Note that each mole fraction on the permeate side varies 
depending on the operating conditions: feed mole fractions, relative 
permeabilities, and operation factor. Figures 5,6,  and 7 show the changes 
of separation factor as a function of 1 - w. Each separation factor 
monotonously changes with 1 - w, and reaches its maximum or 
minimum value at 1 - w = 1. 

DISCUSSION 

In multicomponent gas separation through a membrane, the mole 
fraction of a certain component varies irregularly depending on the 
operating conditions. A theoretical analysis of multicomponent gas 
separation is made in the following sections. 

Condition of Concentration of a Certain Component 

It is desirable to know whether the ith component is concentrated or 
not under given operating conditions. If p, > 1, the ith component is 
concentrated. On the other hand, if p, < 1, the ith component is diluted. 
The condition for concentration is derived as follows. 
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MULTICOMPONENT GAS SEPARATION 

FIG. 2. Mole fractions on the permeate side as a function of 1 - w. 

From Eq. (20), the functionf(Pi) is defined as 

Differentiating Eq. (21) by Pi ,  one obtains 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
2
:
5
6
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



SHINDO, ITOH, AND HARAYA 

p, c-I 

Msk fractions 01 the 
feed s tream 
Hz ,0.3 CH4.8.4 

1 -Y t-I 

FIG. 3. Mole fractions on the permeate side as a function of 1 - v. 

One may recognize from Eq. (22) that the functionf(&) is a mono- 
toneously increasing function. The condition j$ > 1 is given asj(1) < 0, 
that is (see Appendix 3), 

- 1 < o  (23) xkq ki i 
k - l  + ( q k i  - l)v 

Especially for the 1st component, which is always the most permeable 
component (see Appendix 4): 
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MULTICOMPONENT GAS SEPARATION 
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FIG. 4. Mole fractions on the permeate side as a function of 1 - w. 

For the nth component, which is always the least permeable component, 
(see Appendix 4): 

Therefore if Eq. (23) is satisfied, the ith component is concentrated after 
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FIG. 5. Separation factors of hydrogen to the other gases as a function of 1 - I+I. 

permeation. The most permeable component is always concentrated, and 
the least permeable component is always diluted. 
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FIG. 6. Separation factors of methane to the other gases as a function of 1 - w. 

For the 1st component, dbildy < 0 because qkl < 1 (k = 1, . . . , n). For the 
nth component, dflildy > 0, because qkn 2 I (k  = 1, . . . , n). Therefore, the 
concentration factor of the most permeable component increases with a 
decrease of the operation factor, and that of the least permeable 
component decreases with a decrease of the operation factor. For the 
other component, the concentration factor vanes and has a maximum 
value against the operation factor. At the maximum point, pi and y satisfy 
dpildy = 0, that is, 
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FIG. 7. Separation factors of carbon dioxide to the other gases as a function of 1 - w. 

Limiting Concentration Factor 

The concentration factor Pi at w = 0 is defined as the limiting 
concentration factor p:. From Eq. (20), is given as 
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MULTICOMPONENT GAS SEPARATION 61 1 

Considering the results in the previous section, we conclude that for the 
most permeable component, the limiting concentration factor is at its 
maximum value. For the least permeable component, the limiting 
concentration factor is at its minimum value. 

Relation between the Separation Factor and the Relative 
Permeability and Operation Factor 

Inserting Eq. (19) into Eq. (1 7) yields 

Since ypi > 0, we obtain the following relation from Eqs. (7) and (1 1): 

Differentiating Eq. (3 I)  by y gives 

From Eqs. (3 I), (32), and (33), we conclude that if Qi > Qj, the separation 
factor a, is larger than 1, and increases with decreasing w. If a. < Qj, the 
separation factor a,. is smaller than 1, and decreases with decreasing v. 

Limiting Separation Factor 

The separation factor a,. at y = 0 is defined as the limiting separation 
factor qy. From Eqs. (18) and (29): 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
2
:
5
6
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



61 2 SHINDO, ITOH, AND HARAYA 

n c xkqkj 
k = I  

c Xkqki 
a* = 

'I " 
k = I  

= Q j / Q i  

(34) 

(35) 

Considering the results of the previous section, it is concluded that the 
limiting separation factor is at its maximum if Q, > Qj and at its 
minimum if Qi < Qj. 

CONCLUSIONS 

Several elementary facts with respect to multicomponent gas separa- 
tion with a membrane were derived as follows. 

(1) When Eq. (23) is satisfied, the ith component is concentrated after 
permeation. The most permeable component is always concentrated. The 
least permeable component is always diluted. 

(2) The concentration factor of the most permeable component 
increases with a decrease of the operation factor y~. The concentration 
factor of the least permeable component decreases with a decrease of the 
operation factor. For the other component, its concentration factor has a 
maximum value in the region 0 < w < 1. Then the concentration factor 
and the operation factor satisfy Eqs. (20) and (27). 

> Qj, the separation factor cqj is always larger than 1. It 
increases with a decrease of the operation factor. When Qi < Qj, the 
separation factor a, is always smaller than 1. It decreases with a decrease 
of the operation factor. 

(3) When 

APPENDIX 1 

Figure A-1 shows a general profile of the functionf(Pi). With the 
condition that yPi(i = 1,. . . , n) is always positive, one obtains the 
following condition from Eq. (19): 

This condition can be rewritten as 
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MULTICOMPONENT GAS SEPARATION 

0 < P" (A-3) 

Equation (20) has n solutions, as shown in Fig. A-I. However, there is 
only one solution which satisfies the above condition. 

APPENDIX 2 

(A-4) 

(A-5) 
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81 4 SHINDO, ITOH, AND HARAYA 

Therefore, 1 - w is the product of the ratio of the pressure difference Ph - 
P, to Ph and the ratio of F, (= FJ - F,,) to Fp 

APPENDIX 3 

As shown in Fig. A-2, the line pi = 1 exists in the region expressed by 
Eq. (A-2) or Eq. (A-3). The functionf(Pi) monotonously increases in this 
range, and therefore Eq. (23) is obtained. 

APPENDIX 4 

(A-7) 

FIG. A-2. Illustration of the functionf(f3,) near Pi = 1. 
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MULTICOMPONENT GAS SEPARATION 615 

because q 1 k  > 1 and 0 < w < 1. 

because q n k  < 1. Therefore, we obtain Eqs. (24) and (25). 

SYMBOLS 

xa 

Qii 
a$ 
Pi 

Y 
6 
w 

Subscripts 

function defined by Eq. (21) (-) 
number of components (-) 
total pressure on the high pressure side (Pa) 
total pressure on the permeate side (Pa) 
permeability of the ith component (mol/s m * Pa) 
relative permeability, Qi/Qj (-) 
mole fraction of the ith component on the feed 
stream at the inlet (-) 
mole fraction of the ith component on the high 
pressure side (-) 
mole fraction of the ith component on the per- 
meate side (-) 
separation factor defined by Eq. (17) (-) 
limiting separation factor, Qi/Qj (-) 
concentration factor of the ith component, Y,,~/x,~ 
(-1 
limiting concentration factor defined by Eq. (28) 
(-1 
pressure ratio, Pl/Ph (-) 
stage cut defined by Eq. (10) (-) 
operation factor defined by Eq. (16) (-) 

most and least permeable components 
i, j, and kth components 
hydrogen, methane, carbon monoxide, and carbon 
dioxide gases 
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